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Experiment data
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{91.2}
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{55.2}
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Correlations treated in minimal 
overlap model
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Factorization theorem

• fixed order (nonsingular). Event2          and EERAD3 .

• matrix elements. Axial singlet anomaly. Full hard function at 3 loops.

• Resummation at N3LL. Effective field theory (SCET).

• Correct theory in peak, tail and multijet (profile functions).

• Field theory matrix elements for power corrections.

• Removal of u=1/2 renormalon in leading power correction/soft function.

• QED effects in Sudadok & FSR @ NNLL           with            . 

• bottom mass corrections with factorization theorem.

• Computation of bin cumulants in a meaningful way.
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Why a global fit (many Q’s)
We fit for Ω1 & αs(mZ) simultaneously. Strong degeneracy lifted by many Q’s.

Power correction needed with 20% 
accuracy to get αs at the 1% level



• Pure Fixed order
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• Pure Fixed order

Dissertory et al ‘07

pert0.1240 (0.0029)±

ALEPH Q=mZ thrust

ALEPH Q’s all event shapes

pert0.1274 (0.0042)±

2 550 1.11
dof 486
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• Resummation at N3LL
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• Resummation at N3LL
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• Resummation at N3LL

pert0.1172 (0.0012)±
Becher & Schwartz ‘08

Fit to ALEPH and OPAL 
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• Resummation at N3LL

• Multijet boundary condition

• No power corrections

• No renormalon subtraction

2 593.6 1.22
dof 486
χ

= =



We must turn off the resummation in the multijet region
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We must turn off the resummation in the multijet region

2 593.6 1.22
dof 486
χ
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Estimate of perturbative uncertainties

Profile functions

Padè approximants 
for range

Nonsingular 
statistical error

3 8998.05h =
Baikov et al



• Resummation at N3LL

• Multijet boundary condition

• Power corrections give  -7.5% shift

2 490 1.00
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• Resummation at N3LL

• Multijet boundary condition

• Power corrections give  -7.5% shift



• Resummation at N3LL

• Multijet boundary condition

• Power corrections give  -7.5% shift



softIn the tail region  

and we can expand the soft function
QCDQ τ Λ∼

1 1
pert pert pert 1

2 2( ) ( ) ( )      QCDS S S S
Q Q

τ τ τ τ
⎛ ⎞Ω Ω′= − ≈ − Ω Λ⎜ ⎟
⎝ ⎠

∼ Is a nonperturbative
parameter

Shifts distributions to the right !

1 is defined in field theoryΩ

( ) ( )i i n i n i n i n i n i nτ θ θ∂ ≡ ⋅∂ − ⋅∂ ⋅∂ + ⋅∂ − ⋅∂ ⋅∂

† †
1

1 0 trY (0)Y (0) Y (0)Y (0) 0
2 n n n n

C

i
N τΩ ≡ ∂ MS

QCDmodns
0

ˆ ˆˆ d dd dd ( 2 )
d d d d

sb kk S k O
Q Qτ

ασ σσ σ τ σ
τ τ τ τ

Λ⎛ ⎞⎛ ⎞⎛ ⎞= + + − − Δ + ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

∫



Consistency check
1 d

d
2
Q

hσ τ
σ τ

⎛ ⎞
= −⎜

⎝

Λ
⎟
⎠

Power correctionPerturbative expression

2 ( )
( )

s

s

h
Q h

δα τ
α τ

′Λ
≈

assuming that sh α∼

( ) 14 4
( )

h
h
τ
τ
′

≈ − ±

(9 3) %s

s

δα
α

≈ − ±

assuming 0.3GeVΛ ∼



• Resummation at N3LL

• Multijet boundary condition

• Power correction, in a scheme free 
of the O(ΛQCD) renormalon
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• Resummation at N3LL

• Multijet boundary condition

• Power correction, in a scheme free 
of the O(ΛQCD) renormalon



• Resummation at N3LL

• Multijet boundary condition

• Power correction, in a scheme free 
of the O(ΛQCD) renormalon
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Convergence of results

2( ) NNLLsO α +

( ) NLLsO α +

2 3( ) N LLsO α +
3 3( ) N LLsO α +

( ) NNLLsO α +

NLL′

NNLL NNLL′ 3N LL 3N LL′



Theory uncertainty is from a flat scan

Renormalon-free 
results have smaller 
theory errors and 
better fits

Renormalon free With renormalon

0.00210.0009

500 points random 
scan per order

Adding individual 
errors in quadrature 
gives similar (but 
smaller) error

Ω1 determined to 
16% accuracy



Experimental 
error

1  (39% confidence level)σ

2 440 0.91
dof 485
χ

= =
expσ

1

2 2
expσ σΩ+

1
σΩ

exp had pert( ) 0.1135 0.0002 0.0005 0.0009s Zmα = ± ± ±

mostly Ω1, and includes Ω2 scan



• Resummation at N3LL

• Multijet boundary condition

• Power correction, in a scheme free 
of the O(ΛQCD) renormalon

• QED & bottom mass corrections



• Resummation at N3LL

• Multijet boundary condition

• Power correction, in a scheme free 
of the O(ΛQCD) renormalon

• QED & bottom mass corrections



thrust

heavy jet mass 0.1175

0.1169Preliminary Fits 
to ALEPH data: 0.1220

0.1223

Perturbative N3LL agrees* 
with Chien & Schwartz ‘10



• Use of the latest            results for fixed order and matrix elements.  

• The Soft-Collinear Effective Theory provides a powerful formalism for deriving 
factorization theorems and analyzing processes with Jets:

• Resummation of logs at N3LL.

• Field theoretical treatment of nonperturbative effects.

• Theory valid in peak, tail and multijet. 

• Renormalon free Ω1 provides very stable results improves perturbative errors.

• Inclusion of QED, b-mass and axial singlet corrections.

• Global fit of all data with all Q’s. Simultaneous fits to                . 

Final thrust result
exp had pert( ) 0.1135 0.0002 0.0005 0.0009s Zmα = ± ± ±

3( )sO α

1& sα Ω



Back up slides



Preliminary 
numbers

Scale setting in cumulants



Effect of the various scan parameters

-0



Fit for bins: different data sets
Renormalon free

statistical errors 
decrease

2  effects 
increase
Ω

1 0.1200 ( )
50.2GeV s ZmαΩ

= −



Theoretical motivation
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Classical resummation
0

1 dd ( ) ( , ) ( , )
d s s sC D

τ στ α α τ α τ
σ τ

= Σ +∫[CTTW] Catani et al

resummation of 
singular terms 

(exponenciates)

finite terms as
0τ →

matching 
condition

[ ] [ ] [ ]

( ) 1

log ( , ) log( ) log( ) log( ) log( )

                               LL                      NLL                           NNL L

n
s n s

n
n n n

s s s s s
n n n

C Cα α

α τ τ α τ α τ α α τ

= +

Σ = + + +

∑

∑ ∑ ∑

• Resumation is performed at the 
level of the cross section. 

• It is produced by multiple collinear 
and soft gluon emisions.
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• Electroweak factor: family (flavor) and current (vector/axial-vector) dependent)

• Lowest order cross section
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Hard Wilson coefficient (function)

QCD

• Known up to             N3LO

• Anomalous dimension known up to

• Cusp anomalous dimension known up to   

3( )sO α
3( )sO α

3( )sO α

Baikov et al 

Lee et al

Moch et al

Adding the           cusp with a Padè approximation             N3LL analysis4( )sO α
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Jet function

• Known up to             NNLO

• Anomalous dimension known up to

2( )sO α
3( )sO α

Becher & Neubert

Moch, Vermaresen & Vogt

Discontinuity of quark self-energy 
in the light-cone gauge
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Renormalon subtraction

• Reduces sensitivity to low momenta in the soft function

• Removes an O(ΛQCD) renormalon from the first moment of the soft function
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Soft Function

• Analytically known up to

• Numerically known up to             NNLO

( )sO α
2( )sO α Becher & Schwartz; Hoang & Kluth

Schwartz; Fleming et al
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Resummation of large logs! No large logs any more

Still has 
large logs 
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3 loops EERAD3

2 loops  EVENT2
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Include b mass effects in factorization theorem
NNLL NNLL
massive masslessˆ ˆ ˆd d d

d d d
bσ σ σ
τ τ τ

= −

(2% effect)

 At this order affects only jet function and  limits.
 Use massive SCET factorization theorem.

τ•
• Flemming, Hoang, Matry, Stewart
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Include QED effects in factorization theorem (2% effect)

2
qed

2
qed

 Count ,  include only final state radiation.

 Include O( ) corrections to QCD  function.

 Include one loop QED corrections to matrix elements and nonsingular.
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⎝ ⎠⎝ ⎠ ⎝ ⎠

∫

Include axial anomaly contribution (1% effect)

2

2

 Affects the bottom axial hard coefficient at O( ).

 Affects the nonsingular at O( ).
 Due to large top-bottom mass splitting.

s

s

α

α

•

•

•
Kniehl, Kuhn
Hagiwara, Kuruma, Yamada



2

2
s

J

μ τ
μ

≈

Same effect for all tau• Requires SCET sub-leading calculation

• Numerically irrelevant

modpert
T TH J S Sτ⊗ ⊗

modnsˆd S
d τ
σ
τ

⊗

It is the same model function!

• In the peak region one cannot expand

• Tail and far tail: expansion causes shift

QCD QCD

s Qμ τ
Λ Λ

≈

QCD QCD

h Qμ
Δ Λ

≈
2

mod

0

1( ) n n
n

S c fτ λ λ

∞

=

⎡ ⎤⎛ ⎞= ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑

Ligeti , Stewart & Tackmann

QCDmodns
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ˆ ˆˆ d dd dd ( 2 )
d d d d

sb kk S k O
Q Qτ

ασ σσ σ τ σ
τ τ τ τ

Λ⎛ ⎞⎛ ⎞⎛ ⎞= + + − − Δ + ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

∫
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Ingredients for the calculation

From a Padè approximant

Matrix 
elements

Order or the 
analysis

For jet and soft: log information known, 
and sum of non-log terms known.

Anomalous 
dimension

When fixed order resuls are important primed counting is better

(3)
cuspΓ 3

3

j
s

2s

gap 
subtractions

standard 
counting

primed 
counting

Fixed 
orderrunning

sα



Peak and multijet regions
ZQ m=

Fit tail

Predict multijet

Predict peak



Becher & Schwartz 0803.0342

• Data: Aleph & Opal

• Resummation: In the amplitude (EFT RG Equations) 

• No nonperturbative effects in central value (Monte Carlo) (***)

( ) 0.1172 0.0013 0.0012 0.0012Zmα = ± ± ±

( ) 0.1135 0.0006 0.0009s Zmα = ± ±

Our number full analysis:

Our code removing:

• Model function (***)

• Renormalon subtraction (***)

• QED and mass corrections (**)

• Axial singlet (*)

• Full hard coefficient (*) They also use different profile 
functions (***)

Their number:

Comparison with recent analyses

Understimates the size of hadronization errors

(*) irrelevant                (**) important               (***) essential

( ) 0.1184 0.0013 0.0012 0.0012Zmα = ± ± ±
Our reproduction using our pruned code:



Davison & Webber 0809.3326

• Data: Many Q’s

• Resummation: In the distribution (classical approach)

• Nonperturbative effects in a model

Our code removing:

• Log resumation in renormalon subtraction (**)

• Resummation beyond NLL (**)

• QED and mass corrections (**)

• Axial singlet (*)

Their number:

( ) 0.1164 0.0022 0.0017Zmα = ± ±

Compatible !

( ) 0.1135 0.0006 0.0009s Zmα = ± ±

Our number full analysis:

Comparison with recent analyses



Dissertori et al 0712.0327

• Data: Aleph

• No resummation (***)

• Nonperturbative effects treatment: Monte Carlo generator (***)

Our code removing:

• Logs resummation (***)

• Model function (***)

• Renormalon subtraction (***)

• QED and mass corrections (**)

• Axial singlet  (*)

Their number:

( ) 0.1224 0.0013 0.0011 0.0028Zmα = ± ± ±

( ) 0.1135 0.0006 0.0009s Zmα = ± ±

Our number full analysis:

Comparison with recent analyses



Heavy Jet Mass
2

1 2
hem i

s Max(s ,s )i jp ρ⎛ ⎞= → =⎜ ⎟
⎝ ⎠
∑The thrust axis defines two hemispheres

( )
2

1 /2
0 1 1 20 0 10 2

2
1 1 2

d 2 ds dl d ( , ) ( , ,( , l
d

)) ,
Q s Q QI

i

I
Q J s Ql J Q Q S lH lQ lQ

ρ ρσ σ
ρ

μρ μμ μ− −= ∑ ∫ ∫ ∫

1ˆd d
d d Q
σ σ ρ
ρ ρ

⎛ ⎞Ω
= −⎜ ⎟

⎝ ⎠

However in the far tail the OPE expansion works similarly

• The heavy jet mass involves two nontrivial convolutions

• To hemispheres get entangled by non-perturbative effects

• For the nonsingular one would need the entire double differential 
hemiphere mass distribution           highly nontrivial


