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Lattice QCD



LQCD = QCD = couple % (or better)
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Plus extensive theoretical/numerical studies: e.g., spectrum of lattice Dirac
operator (rooting, zero modes, chirality...)



Xs from Lattice QCD

|. Tune five free parameters — bare my=mqy, ms, m¢, mp and s —
using m(1r), m(K), m(nc), m(Y) and 2fx—fr (or AEy(25-15)..))

2. Evaluate vacuum expectation values of numerous operators,
using Monte Carlo path-integration, for multiple values of lattice

spacing a and myq (and lattice volume). Extrapolate to physical
values so that LQCD = QCD. (No free parameters!)

3. “Measure” short-distance quantities Y() (nonperturbatively) in
simulation. Extract coupling as by comparing with perturbative
expansions:

YO =3 edaz(q)
n=1



Optimize Operators — Why so accurate?

Euclidean short-distance: No need for KLN/Weinberg theorem
or analytic continuation; no hadronization corrections (no on-
shell hadrons); no collinear logs or Sudakov form factors
(single scale g™).

Easy to measure: negligible statistical errors.

Easy to analyze: e.g., modeling non-perturbative effects (always
included in fits).

Many quantities to test modeling of non-perturbative and
other systematic effects.

Vary g* over large range, varying Os(g*), to fit for 4th and
higher order coefficients. (Needs high precision at all g*s.)



Wilson Loops



Small Wilson Loops

Simplest short-distance quantities to simulate are ma x na Wilson
loops for small integer values of m and n:

log Wy = log 2(0|Re Tr Pe ™™ B A% 0

Note:

® Extremely accurate to simulate (5-digits): examined 22 quantities, each
independently.

® UV divergent, so most perturbative quantities (with smallest ;) on
lattice: g*s proportional to |/a for fixed m,n and of order T1/a.

® Computed perturbation theory using lattice QCD regulator so lattice
artifacts included to all orders in a. Known to 3" order in &; (hard!).

® Varied Tt/a — six values from 3.5 to 14 GeV — to fit 4th and higher
orders. (Possible because extremely accurate.)
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Error Budget

log W11 log W12 log Wao log W11 Waa /W, log Wia /ud log Was /uj atat /Wi

C1...C3 0.1% 0.1% 0.1% 0.3% 0.1% 0.1% 0.1%
cn form >4 0.1 0.1 0.2 0.3 0.2 0.3 0.1
amg, r1mg extrapolation 0.0 0.0 0.1 0.1 0.1 0.1 0.0
(a/r1)* extrapolation 0.0 0.0 0.2 0.3 0.1 0.2 0.0
(r1/a); errors 0.2 0.2 0.2 0.2 0.2 0.2 0.2
1 €rrors 0.1 0.1 0.1 0.1 0.1 0.1 0.1
gluon condensate 0.1 0.2 0.2 0.2 0.2 0.1 0.1
statistical errors 0.0 0.0 0.0 0.1 0.1 0.1 0.0
V — MS — My 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Total 0.3% 0.4% 0.5% 0.6% 0.4% 0.5% 0.3%

Davies et al (HPQCD), Phys. Rev. D78, | 14507 (2008) [arXiv:0807.1687]
McNeile et al (HPQCD) Phys. Rev. D82, 034512 (2010) [arXiv:1004.4285]



Current-Current Correlators



Heavy-Quark hh Pseudoscalar Correlator

Compute

/ U V5Un

G(t) = a®> "(amon)*(0]js(x, % (0,0)0)

® Mass factors imply UV finite (PCAC because HISQ)

euclidean t

e I[mplies:

Geont (t) = Grat(t) + O(a®) for all ¢




Moments

Low n moments perturbative (Ethreshold = 2mp):

Gn =) (t/a)"G(t)

t

an

Implies:

. . . from continuum
from lattice simulations

perturbation th.
. In (515, 14/ MR) " Z gives coupling
Gn — n—4

(amp(p)) e

(mp only scale)




Reduced Moments — Reduced Systematic Errors

® Reduce finite-a errors (3x), lattice-spacing uncertainties (3x)
by analyzing dimensionless reduced moments:

Gq/GY for n = 4,
R, = 1/(n—4)

i (Gn /G,,@) for n. > 6,

2amop,

® Fix U/mp (=3).Then, in continuum, all moments depend upon
two universal functions of mn, + perturbation theory:

( r4(Oxgg, 1/ Mh) for n = 4,

| =/, 1) (e /) forn > 6,

f T

My, arg(i)
2mp ()

Ry,

9




Results — 0
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po=3mg(p) |

ays(Mz,ny=5) = 0.1183(7)

Note:

Statistical errors in 5t decimal.

Fit n=4,6,8,10 and approximately eight
values of mp from m¢ to 0.9m
simultaneously. (88 data points.)

Non-perturbative contributions: chiral,
gluon condensates.

Fit (amp)" and mgsea dependence. Highly
improved quark action.

Perturbation theory through 3 order
known; fit through 6 order. (Assume
n>3 uncorrelated at y=mn.)

Little change for g = mp = 9my,



mnh/(th (:UJ)) m??h/(th(,UJ))

My, /(th (/L))
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Results — Heavy-Quark Masses

R6/r6

From my./(2mn(l)) ... for n=6,8,10:

mc(3 GeV, ni=4) = 0.985(6) GeV
mp(mp,n=5) = 4.155(23) GeV
mo(W,nf)/ime(W,nr) = 4.52(4)

Compare:

® Continuum result from vector
current + R(e*e):

mc(3GeV) = 0.986(13) GeV
my(ms) = 4.163(16) GeV

Chetyrkin et al, PRD 80:074010
(2009).

® Nonperturbative LQCD result:

mb(“:”f)/mC(U,”f) = 449(4)




L.7F
Moments Different but Agree — 16f

S 150

Agree with each other on z-function and = 1.4|%

coupling for eight different heavy-quark < 13

masses (not just mc and mp).

Agree with Wilson loops on coupling to
within 0.6%.

n =4 — |8 moments for pseudoscalar,
axial-vector and vector currents agree to
within few — several percent (including
continuum).

b/c mass ratio agrees with non-
perturbative LQCD result to <I%.

Vector-vector moments from lattice
agree with continuum results from R(e*e’)
to better than 2%.
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Error Budget

m.(3)  my(10)  my/m, ayg(My)

a’ extrapolation 0.2% 0.6% 0.5% 0.2%
Perturbation theory 0.5 0.1 0.5 0.4
Statistical errors 0.1 0.3 0.3 0.2
m;, extrapolation 0.1 0.1 0.2 0.0
Errors 1n r 0.2 0.1 0.1 0.1
Errors in 7, /a 0.1 0.3 0.2 0.1
Errors 1n my , My, 0.2 0.1 0.2 0.0
o prior 0.1 0.1 0.1 0.1
Gluon condensate 0.0 0.0 0.0 0.2
Total 0.6% 0.7% 0.8% 0.6%

Allison et al (HPQCD+Karlsruhe), Phys.Rev. D78, 0545 13 (2008) [arXiv:0805.2999]
McNeile et al (HPQCD) Phys. Rev. D82, 034512 (2010) [arXiv:|004.4285]



Conclusion



QCD Coupling — HPQCD History
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