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Outline

here:

• Glauber Gluons:  What? and Why? 

•

• Review of “Glauber Region” in classic factorization

Glauber Gluons in EFT

power counting, gauges, ...

direct computation of Glauber graphs 
  (rules for loop integrals, matching IR, 
    obtaining unambiguous results) 
0-bin’s  (avoid double counting of other modes)

•

•

literature:  Liu & Ma, Idilbi & Majumder 

literature:  Collins et al, Bodwin

• forward scattering, glaubers in inclusive 
    processes, glaubers in exclusive processes
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Glauber Introduction
a “Coulomb” gluon for forward scattering of collinear particles

pµ ∼ Q(λ2, 1, λ)

pµ ∼ Q(1, λ2, λ)

+ − ⊥

-collinear:n̄

-collinear:nGlauber:
pµ ∼ Q(λ2, λ2, λ)

forward scattering that changes      
     - momenta, but leaves collinear 
directions and large momenta intact
⊥

•

NRQCD analogy:   potential gluons

x

k

y

•

•

momentum space:

position space:

1
k2
⊥

δ(x+−y+)δ(x−−y−) (x⊥−y⊥)2εΓ(−ε)

•

instantaneous in x+ and x−, ie. t and z
offshell, purely virtual, never appears in final states

1
!k2

+ − ⊥
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• where can it show up? forward scattering : 

hard scattering:

•
•

•
MM → Xγ∗inclusive

M

M

γ∗

•
•

•
•

•

•
•

•

•

“active” or “spectators”
active-active active-spectator spectator-spectator

as an external field:

10

The initial state of the incoming nucleus is defined as |A; p〉. The general final hadronic or partonic state is defined
as |X〉. As a result, the semi-inclusive hadronic tensor may be defined as

Wµν=
∑

X

(2π4)δ4(q+PA−pX)〈A; p|Jµ(0)|X〉〈X |Jν(0)|A; p〉 = 2Im

[
∫

d4yeiq·y〈A; p|Jµ(y)Jν(0)|A; p〉
]

, (32)

where the sum (
∑

X) runs over all possible hadronic states and Jµ is the hadronic electromagnetic current i.e.,
Jµ = Qq ξ̄n̄γµξn, where Qq is the charge of a quark of flavor q in units of the positron charge e. It is understood
that the factors of the electromagnetic coupling constant have already been extracted and included in Eq. (30). The
leptonic tensor will not be discussed further. The focus in the remaining shall lie exclusively on the hadronic tensor.

In a full QCD calculation of Eq. (32), one computes the hadronic tensor, order by order, in the strong coupling.
This leads to the introduction of a variety of processes leading to a modification of the structure of the jet. Such
processes include radiative branchings, flavor changes of propagating partons, as well as transverse diffusion of the
partons in the shower which ensues from the quark produced in the hard scattering. In this article, we will focus
solely on the processes which lead to the transverse momentum diffusion or transverse broadening of the produced
hard quark.

In Ref. [30], the leading contributions to transverse broadening without induced radiation, at all orders in coupling,
were identified as those of Fig. 5. These diagrams depict processes where the propagating parton engenders multiple
scattering off the glue field inside the various nucleons through which it propagates. However, scatterings do not
change the small off-shellness of the propagating parton; as a result, large transverse momentum radiations do not
occur. Using simple kinematics, the relation between the momentum components of the glue field ki may be surmised
by insisting that the off-shellness of the i + 1th quark line be of the same order as the ith line,

(p + ki)
2 = p2 + k2

i + 2p+k−
i + 2p−k+

i − 2%p⊥ · %ki
⊥. (33)

Insisting that (p+ki)2 ∼ p2 ∼ λ2Q2 and given the known scaling of the quark momenta (i.e., p+ ∼ λ2Q, p− ∼ Q, %p⊥ ∼
λQ), we obtain that %ki

⊥ ∼ λQ, k+
i ∼ λ2Q and k−

i may scale with a range of different choices Q, λQ, λ2Q etc. The first
two cases for the scaling of k− represent gluons which are emanated with large (−)-momentum from a nucleon moving
with large (+)-momentum. The number of such gluons must be vanishingly small. The first non-trivial population of
gluons emanating from a nucleon moving with a large (+)-momentum, are those which scale as k ∼ [λ2, λ2, λ], which
essentially constitute the Glauber sector.

q q

APAP y

p’
0

p
0

1 2 3 y3 2 y1

1q2q3q3q’2q’1q’

y’ y’ y’ y

FIG. 5: An order n diagram which contributes solely to transverse broadening.

Using the Feynman rules derived for Glauber gluons in section 2, the leading component of nth order diagrams such

e− + nucleus→ e− + Jet(k⊥) + Xeg.
Idilbi & Majumder (cf. SCET 2009)

!

!
!

can potentially spoil factorization
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Traditional Factorization Approach to Glaubers
Collins, Soper, Sterman 1985
Bodwin 1985
Collins, Soper, Sterman 1988

prove that in sum of graphs that we can deform contours out of 
“Glauber Region” of momenta at leading power

Glaubers arise as an obstacle when canceling soft gluons to derive

pp̄→ X!+!−inclusive

4
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(a) Inclusive Drell-Yan production.

Soft

Soft
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(b) Drell-Yan near threshold.
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Jet b Jet a

(c) Isolated Drell-Yan.
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(d) Dijet production near threshold.
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Jet b Jet a

(e) Isolated dijet production.

FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

A. Drell-Yan Factorization Theorems

To describe the Drell-Yan process pp → X!+!− or
pp̄ → X!+!−, we take

Pµ
a + Pµ

b = pµ
X + qµ , (4)

where Pµ
a,b are the incoming (anti)proton momenta,

Ecm =
√

(Pa + Pb)2 is the total center-of-mass energy,
and qµ is the total momentum of the !+!− pair. We also
define

τ =
q2

E2
cm

, Y =
1
2
ln

Pb · q
Pa · q ,

xa =
√

τeY , xb =
√

τe−Y , (5)

where Y is the total rapidity of the leptons with respect
to the beam axis, and xa and xb are in one-to-one corre-
spondence with τ and Y . Their kinematic limits are

0 ≤ τ ≤ 1 , 2|Y | ≤ − ln τ ,

τ ≤ xa ≤ 1 , τ ≤ xb ≤ 1 . (6)

The invariant mass of the hadronic final state is bounded
by

m2
X = p2

X ≤ E2
cm(1−

√
τ )2 . (7)

In Drell-Yan

Q =
√

q2 %  QCD (8)

plays the role of the hard interaction scale. In general,
for factorization to be valid at some leading level of ap-
proximation with a perturbative computation of the hard
scattering, the measured observable must be infrared safe
and insensitive to the details of the hadronic final state.

For inclusive Drell-Yan, illustrated in Fig. 2(a), one
sums over all hadronic final states X allowed by Eq. (7)
without imposing any cuts. Hence, the measurement is
insensitive to any details of X because one sums over all
possibilities. In this situation there is a rigorous deriva-
tion of the classic factorization theorem [28, 51, 52]

1
σ0

dσ

dq2dY
=

∑

i,j

∫
dξa

ξa

dξb

ξb
H incl

ij

(xa

ξa
,
xb

ξb
, q2, µ

)

× fi(ξa, µ) fj(ξb, µ)
[
1 + O

(  QCD

Q

)]
, (9)

where σ0 = 4πα2
em/(3NcE2

cmq2), and the integration lim-
its are xa ≤ ξa ≤ 1 and xb ≤ ξb ≤ 1. The sum is
over partons i, j = {g, u, ū, d, . . .}, and fi(ξa) is the par-
ton distribution function for finding parton i inside the
proton with light-cone momentum fraction ξa along the
proton direction. Note that ξa,b are partonic variables,
whereas xa,b are leptonic, and the two are only equal at
tree level. The inclusive hard function H incl

ij can be com-
puted in fixed-order perturbative QCD as the partonic
cross section to scatter partons i and j [corresponding to
dσpart

ij in Eq. (1)] and is known to two loops [53–57].
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puted in fixed-order perturbative QCD as the partonic
cross section to scatter partons i and j [corresponding to
dσpart
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We are now ready to rewrite JA in a form that will make its dependence on the 

variables qy manifest. As in [1], we integrate over a large range (of order Q) of the 

dimuon momentum Q~. Our work will all be in momentum space, but we can 

interpret our results in terms of a space-time picture. The interpretation is that the 

integration over Q~ forces the point x"  at which the virtual photon is created to be 

x ~ = 0 up to 1 / Q  corrections, which we neglect here compared to the soft momen- 

tum scale. We also recognize that the internal momenta of the hard interactions are 

all integrated over a range of order Q. Thus the point at which the active parton 

(plus any longitudinal gluons) is absorbed may also be taken as x~ = 0. When the 

hard interaction takes place at a well-defined time, there is a unique distinction 

between final-state and initial-state interactions, and the final-state interactions 

cancel by unitary. 

Following the method of [10,11], we now perform the internal k -  integrals of 

J(A c^~ and rewrite the result using partial fractions. This generates x+-ordered 

perturbation theory for the JA" We write J(A cA~ as a sum over x+-orderings T of its 

vertices in the form 

j~c~ = E i r (  qT), ® F(rC~)( q~) ® i r (  q~) " 
T 

(3.4) 

Here, 17. represents the initial-state interactions to the left of the cut, I~* represents 

the (hermitian conjugated) initial-state interactions to the right of the cut, and F(r cA) 

represents all the final-state interactions. Initial and final states are defined relative 

to the hard scattering, which takes place at x ÷= 0 as discussed above. We have 

suppressed here the vector indices of J(A c^~ and some overall factors which play no 

role in the argument. We have also abbreviated the sums over vector indices and the 

integrations over loop momenta internal to J~A c') by the tensor product symbol ®. 

We now express the forms of I r, I~* and F r in a notation in which the 

intermediate states are denoted by indices ~, the final state by C, the vertices at 

which the soft gluons are absorbed by indices l, the hard interaction vertex on the 

Fig. 3. Diagram illustrating the flow of minus momenta in x + ordered perturbation theory for JA, 

eq. (3.5). 

-collinear jet with soft attachments:n̄

IT (q!) I ′
T (q!)FT (q!)

• •

FT (q!) =
∏ 1

∑
!(q

−
! − i0)−

∑
j

k2
j⊥

2k+
j

IT (q!) =
∏ 1

∑
!(q

−
! + i0)−

∑
j

k2
j⊥

2k+
j

q−! ∼ |q⊥! |
want to deform contours to soft region

but we are trapped by final state poles
,  drop q⊥! ’s

...
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Fig. 3. Diagram illustrating the flow of minus momenta in x + ordered perturbation theory for JA, 

eq. (3.5). IT (q!) I ′
T (q!)FT (q!)

• •

Must prove that “R” = Rest of the graph 
-collinear jet with soft attachments:n̄

(n-collinear, soft, hard)
is independent of “V” = which soft 
vertices are on left or right of the cut.

Then take         for  
∑

cuts

n̄-collinear

to cancel final state interactions so we 
are free to deform the contours.

Must integrate over      - momenta  internal 
    to the jet and for external partons.

⊥

“R” is independent of “V”:
Use x-  ordered pert. theory.  For any two V’s can match up orderings where            
                     agree.   So only                    .   Summing over all final states this 
V dependence cancels.   
IT and I ′

T FT (q!, V )

Comments: Soft and Glauber are mixed, no separate identity.

Proof relies heavily on sum over final states. Hence its
    hard to extend to cases that are not fully inclusive.
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Modes for this talk: Glauber
n-collinear
n-collinear
Usoft
Soft

(λ2, λ2, λ)
(λ2, 1, λ)
(1, λ2, λ)
(λ2, λ2, λ2)
(λ, λ, λ)

SCET with Glauber

+ − ⊥

q⊥ ∼ Qλ

perturbative

jets

NRQCD analogy

glauber

usoft

collinear

usoft

potential

soft soft
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Modes for this talk: Glauber
n-collinear
n-collinear
Usoft
Soft

(λ2, λ2, λ)
(λ2, 1, λ)
(1, λ2, λ)
(λ2, λ2, λ2)
(λ, λ, λ)

SCET zero-bins

+ − ⊥

q⊥ ∼ Qλ

perturbative

jets

NRQCD zero-bins

glauber

usoft

collinear

usoft

potential

soft soft

G−GU

C − CU − CG + CGU

S − SU − SG + SGU S − SU − SP + SPU

U Uno subt. no subt.

P

Manohar & I.S.

subtractions are 
power suppressed
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In NRQCD the potential gluon is an offshell mode, and 
does not need to be added to the Lagrangian.

Luke, Manohar, 
Rothstein

Pineda & Soto

In NRQCD there is no sense in talking about Gauge Transformations
for potential gluons.  Matching to V is gauge independent 
(using full theory gauge symmetry & e.o.m.).

•
!p !p ′

−!p ′−!p
LP = −

∑

!p,!p ′

V (!p, !p ′)

We can talk about power counting for V, without introducing 
a potential gluon field.

Iterations of V yield Green’s function for Schroedinger Equation

Glauber Lagrangians
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Apply this to Glaubers:

No “glauber gauge transformations”. 

Can pick: 

LG = −
∑

p⊥,p ′
⊥

V (p⊥, p ′⊥)ξ̄n,p ′
⊥
ξn,p⊥ ξ̄n̄,−p ′

⊥
ξn̄,−p⊥•

any covariant gauge
V (p⊥, p ′

⊥) =
8παs

(p ′
⊥ − p⊥)2

+ . . .

But an auxiliary Glauber Lagrangian is useful for calculations:

Aµ
G ∼ λ2 (consistent with Liu & Ma, Idilbi & Majumder)

Laux
G = ξ̄n

/̄n

2
n·AG ξn + ξ̄n̄

/n

2
n̄·AG ξn̄

+ Aµ
G P2

⊥AGµ + . . .

If           is treated like an external source, as it was in Idilbi & 
Majumder, then we can consider            terms to be source couplings.Laux

G

Aµ
G

Glauber Lagrangians
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Glauber Lagrangians
Apply this to Glaubers:

LG = −
∑

p⊥,p ′
⊥

V (p⊥, p ′⊥)ξ̄n,p ′
⊥
ξn,p⊥ ξ̄n̄,−p ′

⊥
ξn̄,−p⊥•

any covariant gauge
V (p⊥, p ′

⊥) =
8παs

(p ′
⊥ − p⊥)2

+ . . .

But an auxiliary Glauber Lagrangian is useful for calculations:

(consistent with Liu & Ma, 
Idilbi & Majumder)

Laux
G = ξ̄n

/̄n

2
n·AG ξn + ξ̄n̄

/n

2
n̄·AG ξn̄

+ Aµ
G P2

⊥AGµ + . . .

ξ̄nA2
G⊥ξn

higher order: leading order:

q̄soft AG qsoft

∂AGAGAG

∂AGAGAusoft

∂AGAsoftAsoft

No “glauber gauge transformations”. 

11



Glaubers do not generically give Wilson lines:

•
•

• loop momentum: kµ ∼ (λ2, λ2, λ)

∫
ddk

1

k2
⊥

[
− k+ + p+

1q̄ −
(k2
⊥−p⊥1q̄)2

p−1q̄

+ i0
][

k+ + p+
1q −

(k2
⊥+p⊥1q)2

p−1q

+ i0
][
− k− + p−2q̄ −

(k⊥−p⊥2q̄)2

p−1q

+ i0
]

p1q̄

p1q + p2q̄ red propagators see k+

blue propagators see k−

everyone can see k⊥

shifting k− this looks
like a Wilson lineno shift in k+ can makes

this look like a Wilson line

Hence the “proof” of Liu and Ma of decoupling of Glaubers in SCET 
via Wilson lines fails.
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Lets Calculate !
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Forward Scattering Graphs (abelian)

= −i
8παs

q2
⊥

∫
−d dk

1

k2
⊥(k⊥ − q⊥)2

[
k+ + p+ − (p⊥+k⊥)2

p− + i0
][
− k− + p′− − (p′⊥−k⊥)2

p′− + i0
]

∫
−d dk

1

k2
⊥(k⊥ − q⊥)2

[
− k+ + p+ − (q⊥+p⊥−k⊥)2

p− + i0
][
− k− + p′− − (p′⊥−k⊥)2

p′− + i0
]

∫
dk+

2π

1
k+ + A + i0

= ?

dim.reg. is irrelevant here
not removed by 0-bin subtraction
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∫
dk+

2π

1
k+ + A + i0

=
−i

2
1

k+ + i0
= PV

1
k+

− iπδ(k+)

1
2

[ 1
k+ + i0

+
1

−k+ + i0

]
= −iπδ(k+)

Principal Value:

Parity Average:

Cutoff at Large Momentum:
∫

dk+

2π

θ(Λ2 − k+2)
k+ + i0

=
1
2π

ln
( Λ + i0
−Λ + i0

)
=
−i

2

Add the Two Graphs first:

∫
dk+

2π

[ 1
k+ + A + i0

+
1

−k+ + B + i0

]
=

∫
dk+

2π

(B + A)
(k+ + A + i0)(−k+ + B + i0)

= −i

+

+

=
(−i

2

)2
+

(−i

2

)2
= −1

2

+
1
2

[

++

]

12

12

12

1 2

1 2

1 2 12

1 2

=
1
2
(−i)2 = −1

2

∫
dnk⊥
(2π)n

1
k2
⊥(q⊥ − k⊥)2
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Three Glaubers

∫
dk+d!+

(2π)2
1

(k+ + A + i0)(k+ − !+ + B + i0)

new wrinkle:   order of integration

= 0 ? =
(−i

2

)2
?

neither of these are correct.
Add Graphs first:

plus integrals  = 

=
1
3!

(−i)4

(−i)2

avg. over bottom perms, then
plus and minus integrals 

∫
dnk⊥dn!⊥
(2π)(2n)

1
k2
⊥(!⊥ − k⊥)2(q⊥ − !⊥)2=

1
3!

(−i)4

sum
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All Glaubers

⊥ Propagators
∫

dnk⊥
(2π)n

1
k2
⊥(q⊥ − k⊥)2

∫
dnk⊥dn!⊥
(2π)(2n)

1
k2
⊥(!⊥ − k⊥)2(q⊥ − !⊥)2

,

Fourier transform to de-convolute them

1
q2
⊥

,

iφ̃G = i αs eεγE 2−2εΓ(−ε) µ2ε|x⊥|2ε

=
∞∑

m=0

1
(m + 1)!

(iφ̃G)m+1 = eiφ̃G − 1+ + + . . .

Forward Scattering Amplitude:
∫

d2x⊥ eiq⊥·x⊥
(
eiφ̃G(x⊥) − 1

)

(well known eikonal result)
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What about collinear or usoft radiation?
Why are these the correct graphs to sum?

∫
dk+

2π

1
(k+ + A + i0)(k+ + B + i0)

= 0

= 0 = 0

same for crossed graphs

Radiation does not interfere with 
the Glauber exponentiation!

same for virtual graphs

same for higher orders

18



Fwd scattering:

Hard scattering:

eiφ̃G − 1 = iφ̃G −
1
2
φ̃2

G + . . .

H eiφ̃G

Hard Scattering sets a reference time (t=0), 
    distinguishes initial and final state 

Provides an “End”  for the exponentiation
     (ie. a graph with no Glauber exchange)

How do 0-bins change the abelian calculation?

Nonabelian?  Due to the non-abelian exponentiation theorem 
(Gatheral, Frankel & Taylor) we will get exponentiation.  
There are nonabelian corrections to the phase. 
It will not be one-loop exact.  

     space is important.  FT of a phase is not a phase.x⊥
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Consider Full Theory matching with 0-bin terms in SCET:
(0,E;p1,0) (0,E;p2,0)

(0,E;-p1,0) (0,E;-p2,0)

(p
0
,E+k

0
;p1+p,k)

(-p
0
,E-k

0
;-p1-p,-k)

(p
0
,k
0
;p,k) 0

,k
0
;p-r,k)(p

FIG. 8: Soft box graph in the effective theory. The zigzag lines are soft gluons, the double lines

are soft quarks, and the single lines are potential quarks. For each line we show (label energy,
residual energy; label momentum, residual momentum).

in Eqs. (17–20) due to the change in momentum routing through the antiquark line. The

integrals analogous to those in Eqs. (18,20) are

Ĩbox
S =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

(p0)2 − p2 + i0+

1

(p0)2 − (p− r)2 + i0+
,

Ibox
1 =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

(p0)2 − p2 + i0+

1

−(r)2 + iε
,

Ibox
2 =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

−r2 + i0+

1

(p0)2 − (p − r)2 + i0+
. (25)

where the usoft subtractions Ibox
1,2 are for (p0 = 0,p = 0), (p0 = 0,p = r) respectively. In

addition one also has a potential subtraction for p0 = 0,

Ibox
3 =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

−p2 + i0+

1

−(p − r)2 + i0+
. (26)

Now this p0 = 0 subtraction overlaps with the usoft subtractions, so we have to add back

the double subtractions, the (p0 = 0) limit of Ibox
1,2 :

Ibox
4 =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

−p2 + i0+

1

−r2 + i0+
,

Ibox
5 =

∫

dDp

(2π)D

1

p0 + i0+

1

−p0 + i0+

1

−r2 + i0+

1

−(p − r)2 + i0+
. (27)

The complete expression for the soft box graph is

Ibox
S = Ĩbox

S − Ibox
1 − Ibox

2 − Ibox
3 + Ibox

4 + Ibox
5 . (28)

Both Ĩbox
S and Ibox

3 have pinch singularities in the p0 integral, from the poles at p0 = ±i0+,

and are ill-defined. However, for the result in the effective theory, we don’t need the separate

24

+ =
iπ

t

[ 1
εIR

+ ln
µ2

−t

]

+

full:

Glauber: =
iπ

t

[ 1
εIR

+ ln
µ2

−t

]
+

iπ

t

[ 1
εUV

− 1
εIR

]
G −GU

=
iπ

t

[ 1
εUV

+ ln
µ2

−t

]

Usoft:

+ ++ =
iπ

t

[ 1
εIR

− 1
εUV

]

φ̃G → φG

counterterms also exponentiate

has the IR divergence
20



Collinear?

no such vertex at LO
(such a vertex would spoil factorization)

+ =
1

p+
+

1
−p+

= 0

zerobin p+ != 0

cf.  Neubert & Hill

A bit strange from the point of view of the Threshold Expansion.

In that case the full forward scattering box result comes 
from collinear. (Smirnov)

But in SCET one uses the equations of motion (& momentum 
conservation) to show that the above vertex is absent. 

So there need not be a simple correspondence.

21



Is + ++ =
iπ

t

[ 1
εIR

− 1
εUV

]

consistent with the SCET usoft field redefinition?

LG = −
∑

p⊥,p ′
⊥

V (p⊥, p ′⊥)ξ̄n,p ′
⊥
ξn,p⊥ ξ̄n̄,−p ′

⊥
ξn̄,−p⊥

Yes:   but must be careful with path dependence here.

LG = −
∑

p⊥,p ′
⊥

V (p⊥, p ′⊥)ξ̄n,p ′
⊥
Y∞

n ξn,p⊥ ξ̄n̄,−p ′
⊥
Y∞

n̄ ξn̄,−p⊥

Y∞n = P exp
(
ig

∫ +∞

−∞
ds n · Aus(ns)

)

Y∞n̄ = P exp
(
ig

∫ +∞

−∞
ds n̄ · Aus(n̄s)

)

Our Usoft contains a Glauber region and that is fine!  When we 
consider hard scattering, this is a phase that does not cancel out until 
we square the amplitude.

Chay, Kim, Lee 2
Arnesen, Kundu, IS
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Hard Scattering, “Ends”,  and 0-bins

23



•
•

•

∫
dkn

⊥
(2π)n

dk+dk−

(2π)2
1

k2
⊥

[
1

(k+ + A + i0)(−k− + B + i0)
− 1

(k+ + A′ + i0)(−k− + B′ + i0)

]
G GU

no k⊥

= 0

consistent with dropping Glaubers in standard matching computation

Active - Active

Hard Scattering, “Ends”,  and 0-bins

has k⊥

24



Active - Spectator

•
•

•
= (-i/2)

∫
ddk

(2π)d

1

k2
⊥

[
− k+ + p+

1q̄ −
(k2
⊥−p⊥1q̄)2

p−1q̄

+ i0
][

k+ + p+
1q −

(k2
⊥+p⊥1q)2

p−1q

+ i0
][
− k− + p−2q̄ −

(k⊥−p⊥2q̄)2

p−1q

+ i0
]

=
(p−1qp

−
1q̄

p−1

)(p+
2qp

+
2q̄

p+
2

) ∫
dnk⊥
(2π)n

1
k2
⊥(k⊥ − p⊥1q̄)2

1
p⊥2
2q

•
•

•
=

(p−1qp
−
1q̄

p−1

)(p+
2qp

+
2q̄

p+
2

) 1
p⊥2
2q

1
p⊥2
1q̄

p1q̄

p2q

FT

E(x1⊥)E(x2⊥)

GU converts this IR pole to UV
just like in fwd. scatt. graphs

•
•

•
Sum up Glaubers

FT

E(x1⊥)E(x2⊥)

Ĝ(x1⊥)

Ĝ(x⊥) = eiφG(x⊥)
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•
•

•
E(x1⊥)E(x2⊥) Ĝ(x1⊥)=

Ĝ(x⊥) = eiφG(x⊥)

overall phase

•
•

•
•

•

•

Phase Space:

(so do not measure        )

Glauber 
phase cancels

∝
∫

d2x1⊥

∣∣∣Ĝ(x1⊥)
∣∣∣
2

∫
dp⊥2

1q̄

∣∣∣A(p⊥1q̄)
∣∣∣
2

=
∫

dx2
1⊥

∣∣∣A(x1⊥)
∣∣∣
2

p⊥1q̄

26



Active - Spectator  cross check

•
•

•
full theory

scalar graph
Im =

1
8π

1
s′t

[ 1
εIR

+ ln
( µ2

p⊥2
1q̄

)]

•
•

•
Glauber

scalar graph
Im =

1
8π

1
s′t

[ 1
εUV

+ ln
( µ2

p⊥2
1q̄

)]

with GU

•
•

•
Usoft

scalar graph
=

1
8π

1
s′t

[ 1
εIR

− 1
εUV

]
Im 

collinear
scalar graph •

•

• C − CU − CG + CGU

Im = 0

(basically consistent 
with Liu & Ma (2010) )

Note:  a phase in collinear would be bad 
since it would be hard to see it cancel

t = p⊥2
1q̄ (1 + p−1q/p−1q̄)
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Spectator - Spectator 

•
•

•
=

(p−1qp
−
1q̄

p−1

)(p+
2qp

+
2q̄

p+
2

) ∫
dnk⊥
(2π)n

1
(k⊥ + p⊥2q)2(k⊥ − p⊥1q̄)2

•
•

•
sum 

glaubers E(x1⊥)E(x2⊥)

FT
Ĝ(x1⊥−x2⊥)

Spectator - Spectator & Active - Spectator

phase again

•
•

•
FT

E(x1⊥)E(x2⊥) Ĝ(x1⊥−x2⊥) Ĝ(x1⊥)

a phase again
etc.

two poles for k+

two poles for k−
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Continuing in this manner we will get an alternate proof of 
factorization for inclusive Drell Yan. 

(Though recall that my calculations here were abelian.)

Advantage:   This method is more readily adapted to
                      determine which measurements on the 
                      hadronic final state still allow Glaubers to cancel.
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Glaubers in Exclusives?

B → ππ

•

We factorize the amplitude.

All partons are ACTIVE.

Usoft subtractions are not 
appropriate here

(a mode below confinement scale).

Caveats:

This is why in SCET that “Regge” effects (Donoghue et.al.) do not 
spoil factorization at leading power.

No where in this talk did I account for rapidity 
divergences or                  type 0-bin subtractions,
which sometimes show up in the exclusive case.

SCETII

Glaubers sum to phase for active lines
that is independent of the details of the hard vertex, and still 
cancel when we square amplitudes.

Ĝ(x⊥ → 0)
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The End
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